We prove that the tangent space to the (n + 1)-th Milnor K-group of a ring R is isomorphic to group of n-th absolute Kähler differentials of R when the ring R contains 1 2 and has sufficiently many invertible elements. More precisely, the latter condition is that R is weakly 5-fold stable in the sense of Morrow.
Introduction
The Milnor K-group K M n (R) of a commutative associative unital ring R is generated by symbols {r 1 , . . . , r n }, r i ∈ R * , that satisfy the Steinberg relations (see Definition 2.1). Studying Milnor K-groups, one often requires that R has sufficiently many invertible elements. In this context, van der Kallen [9] has introduced the notion of a k-fold stable ring for a natural number k (see Remark 2.4(i)). Recently Morrow [11] defined weakly k-fold stable rings (see Definition 2.2). Note that for any commutative associative unital ring A, the ring of Laurent series A((t)) is weakly k-fold stable for all k, while for many natural rings A, the ring A((t)) is not k-fold stable for any k (see Remark 2.4(ii)).
Let ε be a formal variable such that ε 2 = 0. By a tangent space T K M n (R) to Milnor K-group, we mean the kernel of the natural homomorphism K M n R[ε] → K M n (R) (see Definition 2.5). Let Ω n R denote the group of n-th absolute Kähler differentials of R. Following Bloch [1] , one constructs a natural homomorphism (see Definition 2.7)
In particular, for any collection of invertible elements r 1 , . . . , r n ∈ R * and any element s ∈ R, the homomorphism B sends the symbol {1 + sr 1 . . . r n ε, r 1 , . . . , r n } to the differential form sdr 1 ∧ . . . ∧ dr n (see Example 2.8) .
The aim of the paper is to prove that B is an isomorphism when R contains Theorem 2.9 is valid for any weakly 5-fold stable ring and not only for a 5-fold stable ring.
Let us explain how to deduce Theorem 2.9 in a weaker form from previously known results of van der Kallen and Bloch. Namely, in [8] it was constructed a natural isomorphism T K 2 (R) ≃ Ω We denote the group law in K M n (R) additively. Explicitly, K M n (R) is the quotient group of the group (R * ) ⊗ n by the subgroup generated by all elements of type
which are called Steinberg relations. Note that in this tensor, r and 1 − r come one after another and are not separated. The class in K M n (R) of a tensor r 1 ⊗ . . . ⊗ r n , where r i ∈ R * , is denoted by {r 1 , . . . , r n } and is usually called a symbol. Thus we do not require additional relations on symbols besides the multilinearity and the Steinberg relations. In particular, we have that
Clearly, K M n is a group functor. Denote by Ω n the group functor that sends a ring R to the group of n-th absolute Kähler differentials Ω n R . It is easy to check that there is a morphism of group functors
Weakly stable rings
Recall the following definition given by Morrow in [11, Def. 3.1] (this is a slightly different form, which is equivalent to the one from op. cit.).
Definition 2.2. Given a natural number k 2, a ring R is called weakly k-fold stable if for any collection of elements r 1 , . . . , r k−1 ∈ R, there is an invertible element r ∈ R * such that the elements r 1 + r, . . . , r k−1 + r are invertible in R.
Example 2.3.
(i) A ring R is weakly 2-fold stable if and only if any element from R is a sum of two invertible elements.
(ii) A semi-local ring is weakly k-fold stable if and only if each of its residue fields contains at least k + 1 elements, [11, Rem. 3.3] .
(iii) For any ring A, the ring of Laurent series
] is weakly k-fold stable for all k 2. In fact, one can take an invertible element r in Definition 2.2 to be equal to an element t i for a suitable i ∈ Z.
Remark 2.4.
(i) Let k 1. Recall from [9] that a ring R is k-fold stable if for any collection of elements r 1 , s 1 , . . . , r k , s k with r i , s i ∈ R such that
there is an element r ∈ R such that r 1 + rs 1 , . . . , r k + rs k ∈ R * . Note that if k 2, then k-fold stability implies (k − 1)-fold stability and also implies weak k-fold stability, [11, § 3.1] .
(ii) Following the same idea as in [11, Rem. 3 .5], we observe that the ring of Laurent series A((t)) can be even not 1-fold stable and hence not k-fold stable for any k 1. Namely, suppose that Spec(A) is connected, A has no nilpotent elements and has a non-invertible element a ∈ A. Then the pair a, at −1 + 1 breaks the 1-fold stability for A((t)), that is, there is no a Laurent series f ∈ A((t)) such that a + f (at −1 + 1) ∈ A((t)) * . Indeed, one shows that the first non-zero coefficient in a + f (at −1 + 1) belongs to the ideal (a) ⊂ A. Hence this coefficient is not invertible in A. Recall that for A as above, a Laurent series in A( (t) 
Tangent spaces to group functors
Below ε denotes a formal variable that satisfies ε 2 = 0. Thus for any ring R, we have an
, where x is a formal variable.
Definition 2.5. Given a group functor F , a tangent space T F to F is the group functor
In particular, there is a decomposition
Example 2.6.
and a calculation shows that there is an isomorphism of R-modules
In particular, if 1 2 ∈ R, then the last summand equals zero.
(ii) There is a group decomposition
is generated by symbols {u 1 , . . . , u n }, where each element
* is either from the subgroup R * or from the subgroup 1 + R ε, and at least one u i is from 1 + R ε. and the projection to the direct summand Ω n ≃ dε ∧ Ω n in decomposition (1).
Example 2.8. For any collection of invertible elements r 1 , . . . , r n ∈ R * and any element s ∈ R, there is an equality
Indeed, we have that
Therefore, there are equalities
The projection of this element to the direct summand Ω
Here is the main result of the paper.
Theorem 2.9. Let R be a ring such that R contains 1 2 and is weakly 5-fold stable. Then the homomorphism B :
We do not know whether Theorem 2.9 is true for weakly 4-fold stable rings containing 
Proof of the main result
As above, n 0 is a natural number and ε denotes a formal variable that satisfies the relation ε 2 = 0.
Auxiliary results
We start with the following elementary lemma.
Lemma 3.1. Let G be an Abelian group. Suppose there exists an automorphism ϕ : G → G such that G is generated by elements g ∈ G that satisfy ϕ(g) = 2 i · g for some natural number i 1 depending on g. Then the group G is uniquely 2-divisible.
Proof. We need to show that multiplication by 2 is a bijection from G to itself. Define the following increasing filtration on G: put F 0 G = {0} and let F l G, l 1, be the subgroup generated by elements g ∈ G that satisfy ϕ(g) = 2
i · g for some natural number i, 1 i l. It is enough to show that multiplication by 2 is a bijection on each adjoint quotient F l G/F l−1 G, l 1. It is easily seen that the filtration is preserved by any endomorphism of the group G that commutes with ϕ. In particular, the filtration is preserved by the automorphism ϕ itself and by the inverse ϕ −1 . Therefore the automorphism ϕ induces an automorphism on each adjoint quotient F l G/F l−1 G. On the other hand, by construction of the filtration, the automorphism ϕ acts on F l G/F l−1 G as multiplication by 2
l . This finishes the proof. Proof. Consider a ring automorphism of R[ε] that sends ε to 2ε and is identity on R. It induces an automorphism ϕ :
. Because of the equality 1 + 2rε = (1 + rε) 2 , r ∈ R, Example 2.6(ii) implies that ϕ acts as multiplication by positive powers of 2 on symbols in T K M n+1 (R). By Lemma 3.1, this proves the proposition. 
Now we prove two lemmas on the Milnor
(ii) For all elements r 1 , r 2 ∈ R * such that r 1 +r 2 ∈ R * , there is an equality in
2{1 + r 1 ε, 1 + r 2 ε} = 0 .
(iii) Suppose that 1 2 ∈ R and R is weakly 4-fold stable. Then for all elements r 1 , r 2 ∈ R, there is an equality in K M
R[ε]
{1 + r 1 ε, 1 + r 2 ε} = 0 .
Proof. (i) We have the Steinberg relation in
Note that
Using multilinearity and the Steinberg relation {a,
, we see that (2) and (3) imply the equality
Applying the automorphism of R[ε] that sends ε to −ε and is identity on R, we get the equality
Since (1 + rε) −1 = 1 − rε for any r ∈ R, the sum of (4) and (5) gives
Taking the inverse element in the group K 2 R[ε] , we obtain item (i).
(ii) Apply item (i) with a = r 2 r 1 + r 2 , b = r 1 r 2 r 1 + r 2 .
(iii) Since (1 + s 2 ε) · (1 + s 2 ε) = 1 + (s 1 + s 2 ) ε for all s 1 , s 2 ∈ R, Example 2.3(i) implies that we may assume r 1 , r 2 ∈ R * . Since R is weakly 4-fold stable, there exists r ∈ R * such that r 1 + r, r 2 + r, r 1 + r 2 2 + r ∈ R * .
In particular, we have that r 1 + r 2 + 2r ∈ R * and 2r ∈ R * . It follows from item (ii) that there are equalities 0 = 2{1 + (r 1 + r)ε, 1 + (r 2 + r)ε} = 2{1 + r 1 ε, 1 + r 2 ε} + 2{1 + r ε, 1 + r 2 ε}+ +2{1 + r 1 ε, 1 + r ε} + 2{1 + r ε, 1 + r ε} = 2{1 + r 1 ε, 1 + r 2 ε} .
Together with Proposition 3.2, this proves item (iii).
Lemma 3.4. Let R be a ring such that 1 2 ∈ R and R is weakly 4-fold stable. Let r 1 , . . . , r N ∈ R * , N 2, be such that r 1 + . . .
Proof. We use induction on N. To prove the lemma for the case N = 2, observe that
and use Proposition 3.2.
To prove the lemma for the case N = 3, by the case N = 2, it is enough to show the equality
This is equivalent to the equality {1 + (r 1 + r 2 ) ε, r 1 + r 2 − r 1 r 2 ε} − {1 + r 1 ε, r 1 } − {1 + r 2 ε, r 2 } = 0 ,
because the symbol 1+(r 1 +r 2 ) ε, 1− r 1 r 2 r 1 +r 2 ε equals zero by Lemma 3.3(iii). Formula (6) is essentially proved by Suslin and Yarosh in [13, Lem. 3.5 ] (see also [10, Sublem. 3.3] ). Namely, by multilinearity, the left hand side in (6) is equal to 1 + r 1 ε, 1 + r 2 r 1 − r 2 ε + 1 + r 2 ε, 1 + r 1 r 2 − r 1 ε .
Applying the Steinberg relation twice, we obtain the equalities
Since the last expression is antisymmetric with respect to r 1 and r 2 , we obtain that (7) equals zero. This proves the case N = 3. Now let us make the induction step for N 4. For short, put s := {1 + s ε, s}, where s ∈ R * . The case N = 2 asserts that −s = − s for any s ∈ R * . The case N = 3 asserts that s 1 + s 2 = s 1 + s 2 for all s 1 , s 2 ∈ R * such that s 1 + s 2 ∈ R * . Since R is weakly 4-fold stable, there is r ∈ R * such that r + r 1 , r + r 1 + r 2 , r + r 1 + r 2 + r 3 ∈ R * .
We obtain the equalities
Expression (8) contains N − 1 summands and all elements in angle parenthesis are from R * . Besides, we have (−r) + (r + r 1 + r 2 + r 3 ) + r 4 + . . . + r N = 0 .
Therefore, by the induction hypothesis, we obtain that (8) equals zero. This proves the lemma.
Finally, recall the following result, which is proved in [11, Lem. 3.6 ] with a method of Nesterenko and Suslin from [12, Lem. 3.2] (see also Lemma 2.2 from the paper of Kerz [10] ). Here, the second equality follows in a standard way from the first one and the identity {r, s} + {s, r} = {rs, −rs} − {r, −r} − {s, −s} .
Proof of Theorem 2.9
If R is a weakly 2-fold stable ring, then by Example 2.3(i), the group Ω n R is generated by differential forms sdr 1 ∧ . . . ∧ dr n , where r 1 , . . . , r n ∈ R * , s ∈ R. The next lemma is similar to [1, Lem. and if r i = r i+1 , then f (r 1 , . . . , r i , r i+1 , . . . , r n ) = 0;
(ii) f satisfies the Leibniz rule: for all r 1 , r ′ 1 , r 2 , . . . , r n ∈ R * , we have
(iii) f is additively multilinear: for all r 11 , . . . , r 1N , r 2 . . . , r n ∈ R * (where N 2) such that r 11 + . . . + r 1N = 0, we have f (r 11 , r 2 , . . . , r n ) + . . . + f (r 1N , r 2 , . . . , r n ) = 0 .
Then there is a unique homomorphism of R-modules F : Ω n R → M such that for all r 1 , . . . , r n ∈ R * and s ∈ R, we have that F (sdr 1 ∧ . . . ∧ dr n ) = sf (r 1 , . . . , r n ).
Note that it is important to require in Lemma 3.6(iii) that N 2 is an arbitrary natural number, because the sum of invertible elements of a ring is not necessarily an invertible element. However for a weakly 4-fold stable ring R, the case of an arbitrary number N can be reduced to the cases N = 2, 3, which can be shown by the method from the end of the proof of Lemma 3.4.
In order to apply Lemma 3.6, we define an R-module structure on the group T K 
is generated by symbols of type {1 + sr 1 . . . r n ε, r 1 , . . . , r n }, where r 1 , . . . , r n ∈ R * , s ∈ R.
(ii) The action of R on the ring R[ε] by endomorphisms that send ε to a ε, where a ∈ R, and are identity on R defines an R-module structure on T K M n+1 (R) such that a : {1 + sr 1 . . . r n ε, r 1 , . . . , r n } −→ {1 + asr 1 . . . r n ε, r 1 , . . . , r n } .
Proof. (i) It is easy to see that if R is weakly k-fold stable, then so is the ring R[ε]. Hence Lemma 3.5 holds for the weakly 5-fold stable ring R[ε]. Now combine this with Example 2.6(ii) and Lemma 3.3(iii).
(ii) The only non-trivial statement is distributivity with respect to elements from R, that is, the equality (a + b)v = av + bv for all a, b ∈ R, v ∈ T K M n+1 (R). This follows from item (i) and formula (9) . Formula (9) implies that the map B (see Definition 2.7) is a homomorphism of R-modules. Now we are ready to prove the main result of the paper.
Proof of Theorem 2.9. Following the strategy from [1] , we construct the inverse to the map B. By Proposition 3.7(ii), the group T K M n+1 (R) is an R-module. Let us apply Lemma 3.6 to the map
For this, we need to check that f satisfies all conditions from Lemma 3.6. We use notation of this lemma. The map f is alternating by Proposition 3.2 and Lemma 3.5. The Leibniz rule for f follows from the equalities (see also formula (9) {1 + r 11 ε, r 11 } + . . . + {1 + r 1N ε, r 1N } = 0 .
Applying the action of the element r 2 . . . r n ∈ R (see formula (9)), we obtain the equality {1 + r 11 r 2 . . . r n ε, r 11 } + . . . + {1 + r 1N r 2 . . . r n ε, r 1N } = 0 .
Taking the product with the symbol {r 2 , . . . , r n } ∈ K M n−1 (R), we get the required equality. Thus by Lemma 3.6, we obtain a homomorphism of R-modules F : Ω n R → T K M n+1 (R) such that for all r 1 , . . . , r n ∈ R * and s ∈ R, we have that F (sdr 1 ∧ . . . ∧ dr n ) = {1 + sr 1 . . . r n ε, r 1 , . . . , r n } .
By Proposition 3.7(i), T K M n+1 (R) is generated by symbols from the right hand side of (10) . Also, Ω n R is generated by differential forms from the left hand side of (10) . Therefore formula (10) together with Example 2.8 imply that the maps B and F are inverse to each other. This finishes the proof of Theorem 2.9.
